Approximate scaling laws with respect to the nuclear charge are introduced for the time-dependent Dirac equation describing hydrogen-like ions subject to laser fields within the dipole approximation. In particular, scaling relations with respect to the laser wavelengths and peak intensities are discussed.
I. INTRODUCTION
The development of light sources with extreme peak intensities remains an active field of research and technology. The Extreme Light Infrastructure (ELI) [1, 2] strives for laser peak intensities of up to 10 24 W/cm 2 and free-electron lasers as the X-ray Free Electron Laser (XFEL) [3] at Hamburg and the Linear Coherent Light Source (LCLS) [4] at Stanford are expected to produce fields with peak intensities of up to 10 25 W/cm 2 and wavelengths down to 0.05 nm. Especially in combination with mobile electron-beam ion traps (EBIT) these light sources can investigate the interaction of highly charged ions with extremely intense light. Moreover, the High-Intensity Laser Ion-Trap Experiment (HILITE) is under construction at GSI, Darmstadt. The goal of this experiment is to study the interaction of atoms and ions confined in a Penning trap and exposed to very intense laser light [5, 6] . The intense laser field for the HILITE experiment will be provided by the Petawatt High-Energy Laser for Heavy Ion EXperiments (PHELIX). This facility produces intense laser fields with the peak intensities up to 10 21 W/cm 2 [7] . It is planned to carry out experiments on ionization and excitation of highly charged ions (up to uranium) exposed to strong laser fields delivered by the PHELIX facility in the framework of the Stored Particles Atomic Physics Research Collaboration (SPARC) project. Clearly, a fully relativistic treatment of the ion-laser interaction will be required for the correct theoretical description and interpretation of such experiments.
These significant advances in the light-source technology have stimulated a considerable interest in the theoretical investigations of heavy one-electron ions exposed to electromagnetic radiation with extremely high frequencies and intensities. Many relativistic approaches for the description of the ion-laser interaction have been suggested recently [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . They include simplified models based on the Coulomb-corrected relativistic strong-field approximation (SFA) [13, 14] as well as various full-dimensional solutions of the time-dependent Dirac equation (TDDE) [8] [9] [10] [11] [12] [15] [16] [17] [18] [19] [20] . Some studies [9, 11, 12, 15] treat the interaction of the ion with the electromagnetic field within the so-called dipole approximation where the spatial dependence of the vector potential is neglected.
The dipole approximation is a traditional approach for the infrared, visible, and ultraviolet light;
in this frequency range it is usually well justified, since the wavelength exceeds by far the size of the ion. This is not necessarily the case for the hard X-ray radiation, and several attempts have been made to go beyond the dipole approximation taking into account the spatial properties of the laser pulse [8, 10, [16] [17] [18] [19] [20] . If the photon energy and/or peak intensity of the laser pulse increase, the non-dipole effects become more and more important, eventually making the theoretical description beyond the dipole approximation mandatory. However, for the experiments which will be carried out in the nearest future, a wide range of energies and intensities still exists where the dipole approximation is expected to be nevertheless reasonably well fulfilled.
Due to its relative simplicity, the hydrogen atom plays an important role in the understanding of light-matter interaction. In fact, the corresponding time-dependent Schrödinger equation (TDSE) can, at least within the dipole approximation, be solved efficiently for most of the practically relevant laser pulses. The results derived or obtained for atomic hydrogen may then be used to approximately predict the behavior of more complex atoms or even molecules in intense laser fields. For example, the Ammosov-Delone-Krainov (ADK) approximation [21] introduced effective quantum numbers that substitute the physical ones of hydrogen. In another approach, scaling relations were introduced in [22] . In fact, in [23] it was shown that for hydrogen-like systems like positronium or highly-charged one-electron ions there exist exact analytical scaling relations within the dipole approximation. In this case, the response of such systems to one laser pulse can be mapped onto the response of the hydrogen atom to a laser pulse with correspondingly scaled parameters.
However, for the relativistic time-dependent Dirac equation describing atomic hydrogen exposed to an intense laser field, no exact scaling relations could be found. Nonetheless, in [11] an approximate scaling law was proposed that matches the non-relativistic solutions of the TDSE and the relativistic solutions of the TDDE for a one-electron atomic ion. In the TDSE, an unphysical (scaled) nuclear charge is used that corrects the non-relativistic ionization potential to match the relativistic one. As is shown in [11] , this gives good agreement between the TDSE results obtained with the scaled nuclear charge and the TDDE calculation with the physical nuclear charge in the considered multiphoton regime ranging from one-to five-photon ionization. In this work, the question of approximate scaling relations for the TDDE of hydrogen-like ions with respect to a variation of the nuclear charge is considered. Based on the scaling laws in [23] and [11] , we suggest a new, though approximate, scaling relation for the TDDE describing hydrogen-like ions exposed to intense laser fields. The validity of this scaling law is demonstrated by calculating the ionization yields of several hydrogen-like ions exposed to very short and intense laser pulses. For this purpose, we solve the TDDE numerically using the dipole approximation and length gauge. We report results adopting the TDDE scaling relations for ions with the nuclear charges ranging from 1 to 92 in the so-called multiphoton regime, considering variable laser wavelengths leading to two-, three-, four-, and five-photon ionization and a wide range of laser peak intensities (corresponding to a variation of two orders of magnitude).
The approximate scaling relations in [22] were introduced in order to provide at least semiquantitative predictions for the strong-field behavior of complex atoms based on theoretical results obtained for hydrogen or, especially experimental ones, for other atoms. Clearly, exact scaling relations allow even for quantitative predictions and evidently reduce the number of time-consuming TDSE calculations that need to be performed, as was discussed in [23] . In fact, in the case of exact scaling relations experimentally found deviations would indicate experimental errors. Since the scaling relations in [23] are derived within the non-relativistic Schrödinger theory and adopt the dipole approximation, experimentally found deviations would on the other hand indicate a breakdown of either or both of these approximations. Depending on the experimental uncertainty, these deviations could even be quantified which is of great interest by itself. Since the magnitude of relativistic effects increases with the nuclear charge, a natural motivation for the present work is the question whether at least an approximate scaling relation can be found for the relativistic TDDE. This is of interest both for understanding the relevance and magnitude of various relativistic effects in light-matter interaction, but also in order to allow for at least some approximate prediction about the behavior of highly-charged one-electron atoms (or even more complex systems) in very intense laser fields. Comparing the TDDE results for one-electron ions with different nuclear charges the validity of the scaling relation (within the adopted dipole approximation) can be checked, see Secs. III B and III C. At the same time, the remaining deviations (that are truely of relativistic nature) can be quantified and their functional behavior can be analysed, as will be done in Sec. III D. In fact, scaling relations provide also a useful check for simplified models like, e. g., the ADK or the SFA theories.
For experimentalists scaling relations, though approximate, are helpful in planning experiments, since the laser parameters can be adjusted to, e. g., the efficiency for detecting the resulting fragments. This is otherwise a non-trivial problem, since in intense laser fields the ion yield increases easily by many orders of magnitude, if the intensity is varied. In fact, one of the main problems in experiments with light sources with very extreme peak intensities is the proper light-source characterization, including the determination of the peak intensity (see, for example, [24] [25] [26] [27] ). On the basis of validated scaling relations highly-charged hydrogen-like ions may be used as a calibration tool, since one could compare the experimental results obtained when exposing an ion with a small nuclear charge to a well-characterised reference laser pulse that has a comparatively low intensity with the ones obtained for exposing a highly charged ion to the high-intensity laser pulse that should be characterised.
The paper is organized as follows. In Sec. II a simple scaling law of the TDDE is suggested and the method of solving the TDDE is described. The validation of the scaling relation for multiphoton ionization is discussed based on a wavelength scan covering the two-to five-photon regime in Sec. III B. Sec. III C discusses the validity with respect to laser peak intensity. After the dominant relativistic effects have been shown to be considered by the scaling relations, Sec. III D investigates the remaining deviation not captured by the scaling relations. In Sec. IV the conclusions are given.
Atomic units (a.u.) = e = m e = 1 are used throughout this work unless otherwise specified.
II. THEORY AND COMPUTATIONAL METHOD
A. Scaling of the TDDE with respect to the nuclear charge number
It is well-known that the TDSE for Coulomb systems interacting with external electromagnetic fields in the dipole approximation satisfies the exact scaling laws with respect to the nuclear charge and the reduced mass (see [23] ). For example, the proper scaling of the spatial and the time variables in the equation itself as well as in the pulse parameters converts the TDSE for the hydrogen-like ion with the nuclear charge Z into the TDSE for the hydrogen atom (Z = 1).
We shall refer to these scaling laws as the nonrelativistic scaling relations. They can be briefly summarized as
where r is the radial position coordinate, t is the time, ω is the laser frequency, λ is the wavelength, F 0 is the peak electric field strength, and I is the laser peak intensity. If the dynamics of the hydrogen-like ion in the laser field is described by the TDDE, the same scaling laws do not apply, even if the dipole approximation is used. Discrepancies between the results of the calculations with the original TDDE and that subject to the nonrelativistic scaling relations are shown and discussed below in Sec. III A.
In general, deviations of the results obtained with the TDDE from the corresponding results obtained with the TDSE for the same system can be attributed to relativistic effects. In Ref. [11] , it was shown that the main relativistic effect is due to the shift of the ionization potential. A scaling relation was proposed to account for this effect (see Eq. (27) in [11] ). This relation suggests a scaled nuclear charge Z ′ related to the true (physical) charge Z via
As was shown for Z = 50 in [11] , calculations of multiphoton ionization using the TDSE with the scaled charge Z ′ are in good agreement with the calculations using the TDDE and the true charge Z. At least, the scaling relation (2) works well in the almost perturbative ionization regime considered in [11] , confirming that the dominant relativistic effect in this case is the modification of the ionization potential. Other possible relativistic effects appeared to be negligibly small.
In this work, we suggest a new approximate scaling law for the TDDE describing hydrogenlike ions in laser fields. The approximate TDDE scaling relation implies that the behavior of the hydrogen-like ion with the nuclear charge Z exposed to a laser pulse with the carrier wavelength λ(= 2πc/ω) and peak intensity I(= cF 2 0 /8π) is almost the same as that of the ion with the nuclear chargeZ exposed to a pulse with the carrier wavelengthλ and peak intensityĨ. Based on the previous results [11, 23] , we derive the scaling relations between λ andλ, I andĨ valid for a wide range of the nuclear charges. The principal idea is to combine the nonrelativistic scaling relation (1) with the scaling relation (2).
First, for any nuclear charges Z andZ we can calculate the scaled charges Z ′ andZ ′ from Eq. (2). Then, since the charges Z ′ andZ ′ represent the corresponding nonrelativistic systems described by the TDSE, the nonrelativistic scaling (1) can be used to obtain the relations
between the wavelengths and peak intensities. Finally, the scaling relations (3) can be expressed through the true charges Z andZ with the help of Eq. (2),
If the scaling relations (4) are used for the laser parameters, the TDDE calculations for Z andZ are expected to be in good agreement with each other. In the following, the method of solving the TDDE used in this paper is briefly introduced.
B. Method of solving the TDDE
The relativistic dynamics of the hydrogen-like ion in the laser field is described by the TDDE
where Ψ(t) is the time-dependent wave function of the electron, and the total Hamiltonian H(t)
can be represented as a sum of two terms,
Here H 0 is the time-independent field-free Dirac Hamiltonian
where α and β are the Dirac matrices. We adopt the point-like nucleus model, thus the interaction V C of the electron with the nucleus of the charge Z is described by the Coulomb potential:
The interaction with the external electromagnetic field V (t) is represented within the dipole approximation,
where F (t) = −dA(t)/dt is the electric field strength, and A(t) is the vector potential. The field F (t) is assumed to be linearly polarized along the z axis. In this work, we make use of the ion-laser interaction term in the length gauge; earlier it was shown that the observables obtained by solving the TDDE in the length and velocity gauges coincide with each other if the numerical convergence is reached [11, 15] .
Our scheme to solve the TDDE generally follows the approach described in Ref. [11] . At the first step, we solve the time-independent Dirac equation for the unperturbed (field-free) hydrogenlike ion where the electron moves in the Coulomb potential of the nucleus only. The field-free eigenstates can be found by either direct expansion of the radial wave functions on a B -spline [28] basis set (see, for example, [29] ) or with the help of the dual-kinetic-balance (DKB) approach [30] .
Then the TDDE for the ion in the laser field is solved. The time-dependent Dirac wave function is expanded on the basis of the field-free eigenstates. The expansion coefficients can be found employing various propagation schemes. For example, we consider Crank-Nicolson propagation scheme [31] , split-operator technique [32] , and variable-order, variable-step Adams solver [33] .
Below we give a more detailed description of the algorithm for solving the TDDE.
To solve Eq. (5), we expand the time-dependent Dirac wave function Ψ(t) in a finite basis set which is represented by the eigenfunctions ϕ nκµ (r) of the field-free Hamiltonian,
where C nκµ (t) are the expansion coefficients; the indices n, κ define the full set of basis states, n is the principal quantum number, κ is the angular momentum-parity quantum number, and µ is the projection of the total electron angular momentum on the z axis. The quantum number µ is conserved due to the axial symmetry along the z axis.
The angular momentum-parity quantum number κ is expressed through the orbital angular momentum l and total angular momentum j:
The time-independent and orthonormal basis functions ϕ nκµ (r) are the eigenfunctions of the unperturbed Hamiltonian H 0 :
where G nκ (r) and F nκ (r) are the upper and lower radial components of the wave function ϕ nκµ (r)
while Ω κµ (n) is the spherical spinor. The radial components can be calculated numerically by solving ordinary differential equations. If B-spline expansions are straightforwardly used for this purpose (see, for example, Eq. (13) in Ref. [11] or Eq. (14) in Ref. [29] ), then nonphysical (so-called spurious) states emerge among the solutions. To avoid such an undesirable effect, an appropriate modification of the B-spline basis set was suggested (the DKB approach [30] ). For the hydrogenlike ions, however, it is easy to identify and remove the spurious states even if the DKB approach is not used. Therefore in our case we can use both DKB and non-DKB schemes and achieve the same results.
By substitution of the expansion (10) into the TDDE (5), the latter can be reduced to a set of first-order ordinary differential equations for the expansion coefficients,
where the indices K ′ and K represent the full set of quantum numbers {n ′ , κ ′ , µ} and {n, κ, µ}, respectively, and V K ′ K (t) is the time-dependent matrix element defined as
In the length gauge, V K ′ K (t) may be written as
The radial integration in the matrix elements (16) is performed numerically using the GaussLegendre quadrature, and the 3j-symbol analytical expressions are obtained for the angular integrals [34] . With the matrix elements V K ′ K (t) at hand, the time propagation in Eq. (14) is carried out numerically.
In all the calculations reported here, the ground 1s 1/2 electron state is chosen as the initial state for the time propagation. The projection µ of the total electron angular momentum is equal to 1/2. We choose the same B -spline basis set as in Ref. [11] , with 500 B -splines of the 9 th order. This number of B -splines provides sufficient number of the continuum (both positive-energy and negative-energy) as well as bound states for each angular momentum. The radial box size R = (250/Z) a.u. is adopted, as was suggested in Ref. [11] and can be understood from Eq. (1).
The laser field is linearly polarized along the z axis, and the vector potential is chosen in the form of a N-cycle cos 2 -shaped pulse:
where ω is the photon energy, T is the pulse duration, T = 2πN ω , and A 0 = F 0 /ω, F 0 is the peak electric field. We use the same laser pulse shape with N = 20 in all our calculations.
After the calculation of all the expansion coefficients C K (t) on the time grid, the ionization probability can be found as a projection of the final electron wave function onto the states ϕ K with the energies higher than mc 2 :
III. RESULTS AND DISCUSSION
A. Scaling of the TDDE using the nonrelativistic scaling relations
First, we present the results of solving the TDDE for the hydrogen-like ions and laser pulse parameters after adopting the nonrelativistic scaling relations (1). Fig. 1 shows the multiphoton ionization probabilities of several hydrogen-like ions. The field parameters are the same as in
Ref. [11] for Z = 50 and properly scaled for the other nuclear charges. Our results for the ionization probability of the ion with the nuclear charge Z = 50 are in good agreement with those presented in Fig. 5 of Ref. [11] .
Looking at the curves in Fig. 1 , one can see that the nonrelativistic scaling does not work satisfactorily for the TDDE, while it is exact for the TDSE. The curve for Z = 1 essentially represents the nonrelativistic ionization probability because the relativistic effects are negligible for the hydrogen atom at the intensity and wavelengths used in the calculations (as tested by comparing the TDDE and TDSE results). Consequently, this curve also displays the ionization probabilities of the other hydrogen-like ions obtained by the nonrelativistic scaling. However, the curves corresponding to the higher nuclear charges and obtained by solving the TDDE are shifted from the curve for Z = 1. The shifts can be explained as relativistic effects that become significant for highly charged ions and increase with the nuclear charge Z. For a narrow range of the Z numbers, the nonrelativistic scaling approximately works even for the TDDE (see, for example, the results for Z = 47 and Z = 50 in Fig. 1) . However, for a wide Z range, the nonrelativistic scaling does not work even approximately. A failure of the nonrelativistic scaling for the heavy hydrogen-like ions motivated us to search for different scaling relations that would work better with the TDDE. As a result, the scaling relation (4) was derived. and scaled according to Eq. (1) with Z 6 for the other nuclear charges.
B. Scaling of the TDDE by the new scaling relations
In Fig. 2 , we show the multiphoton ionization probabilities of several hydrogen-like ions for the same laser pulse parameters at Z = 50 as in Fig. 1 . However, for the other nuclear charges the laser pulse parameters are calculated by the expressions (4). Compared with Fig. 1 , we have also extended the wavelength range to include the five-photon ionization process.
The new scaling relations used in Fig. 2 take into account the dominant relativistic effect, the lowering of the ground state energy level, that affects the multiphoton ionization process. Making use of these scaling laws allows us to nearly eliminate the shifts of the ionization curves in Fig. 1 . at some wavelengths (near the ionization thresholds). Therefore the combined scaling relations suggested in our work can be very useful for accurate predictions of the ionization dynamics of the hydrogen-like ions in a wide range of nuclear charges. The four curves in Fig. 2 are quite close to each other, but small discrepancies still exist. These deviations are caused by other relativistic effects not taken into account in Eq. (4).
C. Intensity scaling
In this section, we consider the scaling properties of the multiphoton ionization in a wide range of laser peak intensities. We have calculated the multiphoton ionization probability as a function of the nuclear charge Z for five fixed peak intensities of the laser pulse (17) . For Z = 50, we use the peak intensities of 5 × 10 22 , 1 × 10 23 , 5 × 10 23 , 1 × 10 24 , and 5 × 10 24 W/cm 2 . For the other nuclear charges, the peak intensities are scaled as suggested by the expression (4). Two-, three-, four-, and five-photon ionization processes have been investigated (see Fig. 3 ). Here, we study nonresonant ionization, so the wavelengths have been chosen accordingly to avoid situations where the resonantly enhanced multiphoton ionization (REMPI) can take place.
In Fig. 3 , one can see that the ionization probability is almost independent of the nuclear charge Z for the range of intensities and multiphoton processes (from two-photon to five-photon ionization) under consideration. The results presented in Fig. 3 cover a wide range of nuclear charges, laser wavelengths and pulse peak intensities. We can conclude that the scaling relations (4) are quite accurate and properly account for the dominant relativistic effect in multiphoton ionization. Below the remaining relativistic effects are discussed that cause the small deviations of the curves in Fig. 3 from straight horizontal lines.
D. Relativistic effects
In the relativistic ionization regime discussed in the previous subsection, the ionization probabilities of the highly charged ions differ only slightly from the ionization probabilities of the hydrogen atom, if the laser pulse parameters are scaled using the new scaling laws (4). The remaining small deviations of the curves in Fig. 3 from the straight horizontal lines can be attributed to smaller relativistic effects not reflected in Eq. (4).
To further examine these small relativistic effects, we discuss here the ionization probabilities normalized to unity at Z = 1. Displayed on a linear probability scale in Fig. 4 are the same processes of two-, three-, four-, and five-photon ionization as shown on a logarithmic scale in Fig. 3 . Two conclusions can be made when looking at Fig. 4 . First, for each peak intensity, the normalized ionization probability decreases with increasing nuclear charge Z. That means, the scaling relations (4) overestimate the ionization probability of highly charged ions, and this effect becomes larger for larger Z. This is not surprising, since it is expected that any relativistic effects are more pronounced for heavier ions. In the range of the wavelengths and peak intensities used in the calculations, the dependence of the normalized probability on Z is approximately quadratic. The normalized ionization probabilities presented in the Fig. 4 can help to isolate the small remaining relativistic effects, which still show up after compensation of the main relativistic effect due to the shift of the ionization potential by the scaling laws (4). For the multiphoton ionization processes studied here, the relativistic effects can be easily quantified and do not exceed 40% of the nonrelativistic probabilities for the hydrogen atom (see Fig. 4 ). Such effects as, e. g., spinorbit coupling are quite small compared to the main relativistic effect, where the latter can cause a change of the ionization probabilities for up to four orders of magnitude even at the lowest intensity
and 2).
IV. CONCLUSION
In this paper, approximate scaling relations with respect to the nuclear charge have been presented for the TDDE describing hydrogen-like ions subject to laser fields within the dipole approximation. As a case study, the scalings relations (4) have been applied to the multiphoton ionization yields of hydrogen-like ions with various nuclear charges in the two-to five-photon regime. The ion yields were calculated by solving the TDDE and the results obtained for different wavelengths and laser peak intensities, both scaled accordingly. While the previously derived non-relativistic scaling relations are found to be clearly insufficient in the relativistic regime described by the TDDE, the new scaling relations lead to good agreement between the ionization probabilities of the hydrogen-like ions with different nuclear charges. Noteworthy, depending on the nuclear charge and laser parameters, the new scaling factors modify not only the unscaled ion yields, but also the ones scaled by the non-relativistic scaling factor by several orders of magnitude and are thus very important even for order-of-magnitude estimates.
Also the dependence of the multiphoton ionization yields on the nuclear charge Z for a wide range of the laser peak intensities has been investigated. It was found that the non-resonant two-, three-, four-, and five-photon ionization probabilities are almost Z-independent, if the laser parameters are scaled by the scaling laws (4) introduced in this work. This uniform behavior of the properly scaled results that covers a wide range of nuclear charges, laser wavelengths, and intensities is expected to be very useful for the planning and analysis of future experiments. Furthermore, the scaling relations may allow for a simple estimate of ion yields in laser fields of very high intensities, as they may be needed in corresponding laser-field induced plasma simulations or for considering possible radiation damage.
The remaining small deviations of the scaled solutions of the TDDE reveal on the other hand the existence of further relativistic effects that are neither reflected in the non-relativistic scaling relations (as they are exact) nor in the relativistic shift of the ionization potential. Away from saturation these small relativistic effects not captured by the scaling relations proposed in this work are found to show an almost quadratic dependence on the nuclear charge.
Finally, hydrogen-like ions with variable charge may be used as a tool for laser-pulse characterization or calibration, especially for light sources with extreme peak intensities. If the scaling relations are valid, the ion yield obtained with a laser pulse of, e. g., unknown laser peak intensity may be compared to the properly scaled ion yield obtained for an ion with lower nuclear charge exposed to a well characterized laser pulse of lower intensity. On the other hand, such comparisons could be used to uniquely identify experimentally beyond-dipole or other relativistic effects not yet contained in the scaling relations. This would be helpful for guiding subsequent theoretical studies.
